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D license.1. Introduction
Throughout w; v and K denote the classes of all, gai and ana-
lytic scalar valued single sequences, respectively.
We write w2 for the set of all complex sequences ðxmnÞ,
where m; n 2 N, the set of positive integers. Then, w2 is a linear
space under the coordinate wise addition and scalar
multiplication.
Some initial works on double sequence spaces are found in
Bromwich [1]. Later on, they were investigated by Hardy [2],
Moricz [3], Moricz and Rhoades [4], Basarir and Solankan
[5], Tripathy [6], Turkmenoglu [7], and many others.We procure the following sets of double sequences:
MuðtÞ :¼fðxmnÞ 2w2 : supm;n2Njxmnjtmn <1g;
CpðtÞ :¼fðxmnÞ 2w2 : p limm;n!1jxmn ljtmn ¼ 1 for some l2Cg;
C0pðtÞ :¼fðxmnÞ 2w2 : p limm;n!1jxmnjtmn ¼ 1g;
LuðtÞ :¼fðxmnÞ 2w2 :
X1
m¼1
X1
n¼1
jxmnjtmn <1g;
CbpðtÞ :¼CpðtÞ
\
MuðtÞ and C0bpðtÞ¼ C0pðtÞ
\
MuðtÞ;
where t ¼ ðtmnÞ is the sequence of strictly positive reals tmn for
all m; n 2 N and p limm;n!1 denotes the limit in the Prings-
heim’s sense. In the case tmn ¼ 1 for all m; n 2 N; MuðtÞ;
CpðtÞ; C0pðtÞ; LuðtÞ; CbpðtÞ and C0bpðtÞ reduce to the sets
Mu; Cp; C0p; Lu; Cbp and C0bp, respectively. Now, we may
summarize the knowledge given in some document related to
the double sequence spaces. Go¨khan and Colak [8,9] have
proved that MuðtÞ and CpðtÞ; CbpðtÞ are complete paranormed
spaces of double sequences and gave the a; b; c duals
of the spacesMuðtÞ and CbpðtÞ. Quite recently, in her PhD the-icense.
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logical double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [11] and Tripathy
have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation be-
tween statistical convergent and strongly Cesaro summable
double sequences. Altay and Basar [12] have deﬁned the spaces
BS; BSðtÞ; CSp; CSbp; CSr and BV of double sequences con-
sisting of all double series whose sequence of partial sums
are in the spacesMu; MuðtÞ; Cp; Cbp; Cr and Lu, respectively,
and also examined some properties of those sequence spaces
and determined the a-duals of the spaces BS; BV; CSbp and
the bð#Þ-duals of the spaces CSbp and CSr of double series. Ba-
sar and Sever [13] have introduced the Banach space Lq of
double sequences corresponding to the well-known space ‘q
of single sequences and examined some properties of the space
Lq. Quite recently Subramanian and Misra [14] have studied
the space v2Mðp; q; uÞ of double sequences and gave some inclu-
sion relations.
The class of sequences which are strongly Cesa´ro summable
with respect to a modulus was introduced by Maddox [15] as
an extension of the deﬁnition of strongly Cesaro summable se-
quences. Connor [16] further extended this deﬁnition to a def-
inition of strong A-summability with respect to a modulus
where A ¼ ðan;kÞ is a non-negative regular matrix and estab-
lished some connections between strong A-summability, strong
A-summability with respect to a modulus, and A-statistical
convergence. In [17] the notion of convergence of double se-
quences was presented by A. Pringsheim. Also, in [18–20] the
four dimensional matrix transformation ðAxÞk;‘ ¼
P1
m¼1P1
n¼1a
mn
k‘ xmn was studied extensively by Robison and
Hamilton.
We need the following inequality in the sequel of the paper.
For a; b;P 0 and 0 < p < 1, we have
ðaþ bÞp 6 ap þ bp: ð1:1Þ
The double series
P1
m;n¼1xmn is called convergent if and only if
the double sequence ðsmnÞ is convergent, where smn ¼Pm;n
i;j¼1xijðm; n 2 NÞ.
A sequence x ¼ ðxmnÞ is said to be double analytic if
supmnjxmnj1=mþn < 1. The vector space of all double analytic
sequences will be denoted by K2. A sequence x ¼ ðxmnÞ is called
double gai sequence if ððmþ nÞ!jxmnjÞ1=mþn ! 0 as m; n!1.
The double gai sequences will be denoted by v2. Let
/ ¼ ffinite sequencesg.
Consider a double sequence x ¼ ðxijÞ. The ðm; nÞth section
x½m;n of the sequence is deﬁned by x½m;n ¼Pm;ni;j¼0xijIij for all
m; n 2 N; where Iij denotes the double sequence whose only
non-zero term is a 1ðiþjÞ! in the ði; jÞth place for each i; j 2 N.
An FK-space(or a metric space) X is said to have AK prop-
erty if ðImnÞ is a Schauder basis for X. Or equivalently
x½m;n ! x.
An FDK-space is a double sequence space endowed with a
complete metrizable; locally convex topology under which the
coordinate mappings x ¼ ðxkÞ ! ðxmnÞðm; n 2 NÞ are also
continuous.
Let M and U are mutually complementary modulus func-
tions. Then, we have:
(i) For all u; y P 0,uy 6MðuÞ þ UðyÞ; ðYoung’s inequalityÞ½See½21: ð1:2Þ
(ii) For all uP 0,
ugðuÞ ¼MðuÞ þ UðgðuÞÞ: ð1:3Þ
(iii) For all uP 0, and 0 < k < 1,
MðkuÞ 6 kMðuÞ: ð1:4Þ
Lindenstrauss and Tzafriri [22] used the idea of Orlicz function
to construct Orlicz sequence space
‘M ¼ x 2 w :
X1
k¼1
M
jxkj
q
 
<1; for some q > 0
( )
:
The space ‘M with the norm
kxk ¼ inf q > 0 :
X1
k¼1
M
jxkj
q
 
6 1
( )
;
becomes a Banach space which is called an Orlicz sequence
space. For MðtÞ ¼ tpð1 6 p <1Þ, the spaces ‘M coincide with
the classical sequence space ‘p.A sequence f ¼ ðfmnÞ of modulus
function is called a Musielak-modulus function. A sequence
g ¼ ðgmnÞ deﬁned by
gmnðvÞ ¼ supfjvju ðfmnÞðuÞ : uP 0g; m; n ¼ 1; 2; . . .
is called the complementary function of a Musielak-modulus
function f. For a given Musielak modulus function f, the Musi-
elak-modulus sequence space tf and its subspace hf are deﬁned
as follows
tf ¼ fx 2 w2 : MfðjxmnjÞ1=mþn ! 0 as m; n!1g;
hf ¼ fx 2 w2 : MfðjxmnjÞ1=mþn ! 0 as m; n!1g;
where Mf is a convex modular deﬁned by
MfðxÞ ¼
X1
m¼1
X1
n¼1
fmnðjxmnjÞ1=mþn; x ¼ ðxmnÞ 2 tf:
We consider tf equipped with the Luxemburg metric
dðx; yÞ ¼ supmn inf
X1
m¼1
X1
n¼1
fmn
jxmnj1=mþn
mn
 ! !
6 1
( )
:
If X is a sequence space, we give the following deﬁnitions:
(i) X 0 ¼ the continuous dual of X;
(ii) X a ¼ a ¼ ðamnÞ :
P1
m;n¼1jamnxmnj <1; for each x 2 X
n o
;
(iii) X b¼ a¼ðamnÞ :
P1
m;n¼1amnxmn is convegent; for each x2X
n o
;
(iv) X c¼ a¼ðamnÞ : supmnP1
PM ;N
m;n¼1amnxmn
 <1;for each x2Xn o;
(v) let X be an FK space /; then X f ¼ff ðImnÞ : f 2X 0g;
(vi) X d¼fa¼ðamnÞ : supmnjamnxmnj1=mþn <1; for each x2Xg;
X a; X b; X c are called a-(or Ko¨the-Toeplitz) dual of
X ;bðor generalizedK€otheToeplitzÞ dual of X ; c
dual of X ; ddual of X respectively. X a is deﬁned by
Gupta and Kamptan. It is clear that X aX b and
X aX c, but X bX c does not hold, since the sequence
of partial sums of a double convergent series need not
to be bounded.The notion of difference sequence spaces
(for single sequences) was introduced by Kizmaz as
follows
430 N. Subramanian et al.ZðDÞ ¼ fx ¼ ðxkÞ 2 w : ðDxkÞ 2 Zg
for Z ¼ c; c0 and ‘1, where Dxk ¼ xk  xkþ1 for all k 2 N.Here
c; c0 and ‘1 denote the classes of convergent, null and
bounded scalar valued single sequences respectively. The
difference sequence space bvp of the classical space ‘p is
introduced and studied in the case 1 6 p 61 by Basar and
Altay and in the case 0 < p < 1 by Altay and Basar. The
spaces cðDÞ; c0ðDÞ; ‘1ðDÞ and bvp are Banach spaces normed
by
kxk ¼ jx1j þ supkP1jDxkj and kxkbvp ¼
X1
k¼1
jxkjp
 !1=p
;
ð1 6 p < 1Þ:
Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces deﬁned by
ZðDÞ ¼ fx ¼ ðxmnÞ 2 w2 : ðDxmnÞ 2 Zg;
where Z ¼ K2; v2 and Dxmn ¼ ðxmn  xmnþ1Þ  ðxmþ1n  xmþ
1nþ 1Þ ¼ xmn  xmnþ1  xmþ1n þ xmþ1nþ1 for all m; n 2 N.
2. Deﬁnition and preliminaries
Let n 2 N and X be a real vector space of dimension w, where
n 6 m. A real valued function dpðx1; . . . ; xnÞ ¼ kðd1ðx1Þ; . . . ;
dnðxnÞÞkp on X satisfying the following four conditions:
(i) kðd1ðx1Þ; . . . ; dnðxnÞÞkp ¼ 0 if and only if
d1ðx1Þ; . . . ; dnðxnÞ are linearly dependent,
(ii) kðd1ðx1Þ; . . . ; dnðxnÞÞkp is invariant under permutation,
(iii) kðad1ðx1Þ; . . . ;dnðxnÞÞkp ¼ jajkðd1ðx1Þ; . . . ;dnðxnÞÞkp;a2R
(iv) dpððx1; y1Þ; ðx2; y2Þ    ðxn; ynÞÞ ¼ ðdX ðx1;
x2; . . . ; xnÞp þ dY ðy1; y2; . . . ; ynÞpÞ1=p for 1 6 p < 1; (or)
(v) dððx1; y1Þ; ðx2; y2Þ; . . . ; ðxn; ynÞÞ :¼ supfdX ðx1; x2; . . . ; xnÞ;
dY ðy1; y2; . . . ; ynÞg, for x1; x2; . . . ; xn 2 X ; y1; y2; . . . ; yn 2
Y is called the p product metric of the Cartesian product
of n metric spaces is the p norm of the n-vector of the
norms of the n subspaces.
A trivial example of p product metric of n metric space is
the p norm space is X ¼ R equipped with the following Euclid-
ean metric in the product space is the p norm:
kðd1ðx1Þ; . . . ;dnðxnÞÞkE¼ supðjdetðdmnðxmnÞÞjÞ
¼ sup
d11ðx11Þ d12ðx12Þ    d1nðx1nÞ
d21ðx21Þ d22ðx22Þ    d2nðx1nÞ
:
:
:
dn1ðxn1Þ dn2ðxn2Þ    dnnðxnnÞ


0
BBBBBB@
1
CCCCCCA
;
where xi ¼ ðxi1; . . . ; xinÞ 2 Rn for each i ¼ 1; 2; . . . ; n.
If every Cauchy sequence in X converges to some L 2 X,
then X is said to be complete with respect to the p-metric.
Any complete p-metric space is said to be p-Banach metric
space.Let X be a linear metric space. A function q : X! R is
called paranorm, if
(1) qðxÞP 0, for all x 2 X ;
(2) qðxÞ ¼ qðxÞ, for all x 2 X ;
(3) qðxþ yÞ 6 qðxÞ þ qðyÞ, for all x; y 2 X ;
(4) If ðrmnÞ is a sequence of scalars with rmn ! r as
m; n !1 and ðxmnÞ is a sequence of vectors with
qðxmn  xÞ ! 0 as m; n !1, then qðrmnxmn  rxÞ ! 0
as m; n !1.
A paranorm w for which qðxÞ ¼ 0 implies x ¼ 0 is called to-
tal paranorm and the pair ðX;wÞ is called a total paranormed
space. It is well known that the metric of any linear metric
space is given by some total paranorm (see [23], Theorem
10.4.2, p. 183).
The notion of deal convergence was introduced ﬁrst by
Kostyrko et al. [24] as a generalization of statistical conver-
gence which was further studied in toplogical spaces by Kumar
et al. [25,26] and also more applications of ideals can be deals
with various authors by B.Hazarika [27–39] and B.C.Tripathy
and B. Hazarika [40–43].
A family I  2Y of subsets of a non-empty set Y is said to be
an ideal in Y if
(1) / 2 I
(2) A;B 2 I imply ASB 2 I
(3) A 2 I ; B  A imply B 2 I .
while an admissible ideal I of Y further satisﬁes fxg 2 I for
each x 2 Y. Given I  2N be a non-trivial ideal in N. A se-
quence ðxmnÞm;n2N in X is said to be I-convergent to 0 2 X, if
for each  > 0 the set AðÞ ¼ fm; n 2 N : kðd1ðx1Þ; . . . ;
dnðxnÞÞ  0kp P g belongs to I.
A sequence of positive integers h ¼ ðkrsÞ is called double
lacunary if k00 ¼ 0; 0 < krs < krþ1;sþ1 and urs ¼ krs
kr1s1 !1 as r; s!1. The intervals determined by h will
be denoted by Jrs ¼ ðkr1s1; krsÞ and qrs ¼ krskr1s1.
Let I be an admissible ideal of NN, f ¼ ðfmnÞ be a Musi-
elak-modulus function, ðX; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkpÞ be a
pmetric space, q ¼ ðqmnÞ be double analytic sequence of
strictly positive real numbers. By w2ðp XÞ we denote the
space of all sequences deﬁned over ðX; kðdðx1Þ; dðx2Þ; . . . ;
dðxn1ÞÞkpÞ.
The following inequality will be used throughout the paper.
If 0 6 qmn 6 supqmn ¼ H;K ¼ maxð1; 2H1Þ then
jamn þ bmnjqmn 6 Kfjamnjqmn þ jbmnjqmng ð2:1Þ
for all m; n and amn; bmn 2 C. Also jajqmn 6 maxð1; jajHÞ for all
a 2 C.
In the present paper we deﬁne the following sequence
spaces:
v2qufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼
(
x¼ðxmnÞ :
(
ðr;sÞ 2NN :
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmnP 
)
2 I
)
;
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h iI
Nh
¼ x¼ ðxmnÞ :9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn PK
)
2 I
)
:
If we take fmnðxÞ ¼ x, we get
v2qufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
umn½ðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmnP 
)
2 I
)
;
K2qufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
umn½ðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmnPK:
)
2 I
)
;
If we take q ¼ ðqmnÞ ¼ 1, we get
v2ufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞP 
)
2 I
)
;
K2ufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞPK
)
2 I
)
:
If we take q ¼ ðqmnÞ ¼ 1 and u ¼ ðumnÞ ¼ 1, we get
v2fl;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞP 
)
2 I
)
;
K2ufl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞPK
)
2 I
)
:
In the present paper we plan to study some topological
properties and inclusion relation between the above deﬁned
sequence spaces. v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
and
K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
which we shall discuss
in this paper.3. Main results
Theorem 3.1. Let f ¼ ðfmnÞ be a Musielak-modulus function,
q ¼ ðqmnÞ be a double analytic sequence of strictly positive real
numbers, the sequence spaces v2qufl ; kðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup
iI
Nh
and K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
are
linear spaces.
Proof. It is routine veriﬁcation. Therefore the proof is omit-
ted. h
Theorem 3.2. Let f ¼ ðfmnÞ be a Musielak-modulus function,
q ¼ ðqmnÞ be a double analytic sequence of strictly positive real
numbers, the sequence space ½v2qufl ; kðdðx1Þ; dðx2Þ; . . . ;
dðxn1ÞÞkup INh is a paranormed space with respect to the para-
norm deﬁned by gðxÞ ¼ inff 1urs
P
m2Jrs
P
n2Jrs umn ½fmnðklmnðxÞ;
ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkpÞqmn 6 1g.
Proof. Clearly gðxÞP 0 for x ¼ ðxmnÞ 2 v2qufl ; kðdðx1Þ; dðx2Þ;
h
. . . ; dðxn1ÞÞkup
iI
Nh
Since fmnð0Þ ¼ 0, we get gð0Þ ¼ 0.
Conversely, suppose that gðxÞ ¼ 0, then inf 1urs
P
m2Jrs
n
P
n2Jrs umn½fmnðklmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkpÞ
qmn 6 1g.
Suppose that lmnðxÞ–0 for each m; n 2 N. Then
klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup !1. It follows that
ð 1urs
P
m2Jrs
P
n2Jrs umn½fmnðklmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞ
kpÞqmnÞ1=H !1 which is a contradiction. Therefore
lmnðxÞ ¼ 0. Let ð 1urs
P
m2Jrs
P
n2Jrs umn½fmnðklmnðxÞ; ðdðx1Þ;
dðx2Þ; . . . ; dðxn1ÞÞkpÞqmnÞ1=H 6 1
and
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn
 !1=H
6 1:
Then by using Minkowski’s inequality, we have
1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxþyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn
 !1=H
6 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn
 !1=H
þ 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn
 !1=H
:
So we have
gðxþyÞ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxþyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn 6 1
( )
6 inf 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn 6 1
( )
þ inf 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn 6 1
( )
:
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gðxþ yÞ 6 gðxÞ þ gðyÞ:
Finally, to prove that the scalar multiplication is continuous.
Let k be any complex number. By deﬁnition,
gðkxÞ ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðkxÞ; ðdðx1Þ;
(
dðx2Þ; . . . ; dðxn1ÞÞkpÞqmn 6 1
)
:
Then
gðk xÞ ¼ inf ððjkjtÞqmn=H : 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðkxÞ; ðdðx1Þ;
(
dðx2Þ; . . . ; dðxn1ÞÞkpÞqmn 6 1
)
;
where t ¼ 1jkj. Since jkjqmn 6 maxð1; jkjsupqmnÞ, we have
gðkxÞ6maxð1; jkjsuppmnÞinf tqmn=H : 1
urs
X
m2Jrs
X
n2Jrs
umn½fmnðklmnðkxÞ;
(
ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn 6 1
)
:
This completes the proof. h
Theorem 3.3. The b-dual space of
v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
¼ K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. First, we observe that
v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 C2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Therefore
C2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
:
Hence
K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
: ð3:1Þ
Next we show that
v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Let y ¼ ðymnÞ 2 v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
.
Consider fðxÞ ¼P1m¼1P1n¼1xmnymn with
x ¼ ðxmnÞ 2 v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;x ¼ ½ðkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ
¼
0 0    0 0    0
0 0    0 0    0
:
:
:
0 0    ursDkmnðmþnÞ!
urs
DkmnðmþnÞ!    0
0 0    0 0    0
0
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1
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
0 0    0 0    0
0 0    0 0    0
:
:
:
0 0    ursDkmnðmþnÞ!
urs
DkmnðmþnÞ!    0
0 0    0 0    0
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
;
umn½fmnðklmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þ
¼
0 0   0 0    0
0 0   0 0;    0
:
:
:
0 0   umnfmn ursDkmnðmþnÞ!
 
umnfmn
urs
DkmnðmþnÞ!
 
   0
0 0   umnfmnð ursDkmnðmþnÞ!Þ umnfmnð
urs
DkmnðmþnÞ!Þ    0
0 0   0 0;    0
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
:
Hence converges to zero.
Therefore
½ðkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ
2 v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Hence dððkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ; 0Þ ¼ 1. But
jymnj6 kfkdððkmn kmnþ1Þ ðkmþ1n kmþ1nþ1Þ;0Þ6 kfk  1<1
for each m; n. Thus ðymnÞ is a double analytic sequence and hence
an p-metric space of Musielak modulus function is a double
analytic sequence.
In other words y 2 K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
.
But y ¼ ðymnÞ is arbitrary in v2qufl ; kðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup IbNh . Therefore
v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
: ð3:2Þ
From (3.1) and (3.2) we get
v2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
¼ K2qufl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
: 
Theorem 3.4. The dual space of v2qufl ; klmnðxÞ; ðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkup INh is K
2qu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup INh . In other words
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h iI
Nh
¼ K2qfl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. We recall that
kmn ¼
0 0    0 0   
0 0    0 0   
:
:
:
0 0    ursDkmnðmþnÞ! 0   
0 0    0 0   
0
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1
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with ursDkmnðmþnÞ! in the ðm; nÞth position and zero’s elsewhere,
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
¼
0: : : 0
:
:
:
0 ufð ursDkmnðmþnÞ!Þ
1=mþn
: 0
ðm; nÞth
0 : : 0
0
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;
which is a p-metric of double gai sequence. Hence,
x 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
fðxÞ ¼
X1
m;n¼1
xmnymn;
with
x 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
and
f 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
where
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
is the dual space of v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup INh . Take x ¼ ðxmnÞ 2 v
2qu
fl ; klmnðxÞ;
h
ðdðx1Þ; dðx2Þ;
. . . ; dðxn1ÞÞkup INh .Then,
jymnj 6 kfkdðurs; 0Þ < 18m; n: ð3:3Þ
Thus, ðymnÞ is a double analytic sequence and hence an p-met-
ric is a Musielak modulus function of double analytic se-
quence. In other words, y 2 ½K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ;
. . . ; dðxn1ÞÞkup INh . Therefore
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
¼ K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
This completes the proof. hTheorem 3.5.
(i) If the sequence ðfmnÞ satisﬁes uniform D2-condition, then
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
¼ v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
(ii) If the sequence ðgmnÞ satisﬁes uniform D2-condition, then
v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
¼ v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. Let the sequence ðfmnÞ satisﬁes uniform D2-condition,
we get
v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
: ð3:4Þ
To prove the inclusion
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
 v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
let a 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
. Then
for all fxmng with ðxmnÞ 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup
iI
Nh
we have
X1
m¼1
X1
n¼1
jxmnamnj <1: ð3:5Þ
Since the sequence ðfmnÞ satisﬁes uniform D2-condition, then
ðymnÞ 2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
, we getP1
m¼1
P1
n¼1
ursymnamn
DkmnðmþnÞ!
  <1. by (3.5). Thus ðursamnÞ 2 v2qufl ;h
klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh ¼ v2qugl ; klmnðxÞ;
h
ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh and hence ðamnÞ 2 v2qugl ;
h
klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh . This gives that
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
 v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
; ð3:6Þ
we are granted with (3.4) and (3.6)
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIa
Nh
¼ v2qugl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
(ii) Similarly, one can prove that v2qugl ; klmnðxÞ; ðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkup IaNh  v
2qu
fl ; klmnðxÞ;
h
ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh if the sequence ðgmnÞ satisﬁes
uniform D2-condition. h
434 N. Subramanian et al.Proposition 3.6. If 0 < qmn < pmn < 1 for each m and m, then
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
# ½K2pufl ; klmnðxÞ;
dðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh :

Proof. Let
x ¼ ðxmnÞ 2 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
.
We have
supmn K
2qu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
< 1
for sufﬁciently large value of m and n. Since fmn’s are non-
decreasing, we get
supmn K
2pu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
6 supmn K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Thus,
x ¼ ðxmnÞ 2 ½K2pufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup 
I
Nh
.
This completes the proof. h
Proposition 3.7.
(i) If 0 < infqmn 6 qmn < 1 then
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 K2ufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
(ii) If 1 6 qmn 6 supqmn <1, then
K2ufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 ½K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup 
I
Nh
:
Proof. Let
x ¼ ðxmnÞ 2 ½K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup 
I
Nh
.
Since 0 < inf qmn 6 1, we have
supmn K
2u
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
6 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
and hence
x ¼ ðxmnÞ 2 K2ufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
(ii) Let qmn for each ðm; nÞ and supmnqmn <1. Let
x ¼ ðxmnÞ 2 ½K2ufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup 
I
Nh
.
Then for each 0 <  < 1, there exists a positive integer N such
that
supmn K
2u
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
6  < 1;
for all m; nP N. This implies thatsupmn K
2qu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
6 supmn K2ufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Thus x ¼ ðxmnÞ 2 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞ
h
kup INh . This completes the proof.
Proposition 3.8. Let f 0 ¼ f 0mn
 
and f 00 ¼ f 00mn
 
are sequences of
Musielak functions, we have
K2quf 0l ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
\
K2quf00l ; klmnðxÞ;
h
dðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
 iI
Nh
# ½K2quf 0þf00l; klmnðxÞ; ðdðx1Þ;
dðx2Þ; . . . ; dðxn1ÞÞkup INh :
Proof. The proof is easy so we omit it. h
Proposition 3.9. For any sequence of Musielak functions
f ¼ ðfmnÞ and q ¼ ðqmnÞ be double analytic sequence of strictly
positive real numbers. Then
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. The proof is easy so we omit it. h
Proposition 3.10. The sequence space ½K2qufl ; klmnðxÞ; ðdðx1Þ;
dðx2Þ; . . . ; dðxn1ÞÞkup INh is solid
Proof. Let
x ¼ ðxmnÞ 2 ½K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup 
I
Nh
. (i.e)
supmn K
2qu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
< 1:
Let ðamnÞ be double sequence of scalars such that jamnj 6 1 for
all m; n 2 NN. Then, we get
supmn K
2qu
fl ; klmnðaxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
6 sup
mn
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
This completes the proof. h
Proposition 3.11. The sequence space ½K2qufl ; klmnðxÞ;
ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup INh is monotone
Proof. The proof follows from Proposition 3.10. h
Proposition 3.12. If f ¼ ðfmnÞ be any Musielak function. Then
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
if and only if supr;sP1
urs
urs
< 1.
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
p
h iI
Nh
and N ¼ supr;sP1 u

rs
urs
< 1. Then, we get
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

rs
p
h iI
Nh
¼ N K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

rs
p
h iI
Nh
¼ 0:
Thus, x 2 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
.
Conversely, suppose that
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
 K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
and x
2 ½K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p 
I
Nh
:
Then, K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
< , for
every  > 0. Suppose that supr;sP1
urs
urs
¼ 1, then there exists a
sequence of members ðrsjkÞ such that limj;karrow1 u

jk
u
jk
¼ 1.
Hence, we have K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞ
h
kursp INh ¼ 1. Therefore, x R K
2qu
fl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞku

p INh , which is a contradiction. This completes the
proof. h
Proposition 3.13. If f ¼ ðfmnÞ be any Musielak function. Then
K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
¼ K2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞku

p
h iI
Nh
if and only if supr;sP1
urs
urs
<1; supr;sP1 u

rs
urs
> 1.
Proof. It is easy to prove so we omit. h
Proposition 3.14. The sequence space v2qufl ; klmnðxÞ; ðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkup
iI
Nh
is not solid
Proof. The result follows from the following example. h
Example 1. Consider
x ¼ ðxmnÞ ¼
1 1    1
1 1    1
:
:
:
1 1    1
0
BBBBBB@
1
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2 v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Let
amn ¼
1mþn 1mþn    1mþn
1mþn 1mþn    1mþn
:
:
:
1mþn 1mþn    1mþn
0
BBBBBBBB@
1
CCCCCCCCA
;for all m; n 2 N.
Then amnxmn R ½v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞ
kup INh . Hence
v2qufl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
is not solid.
Proposition 3.15. The sequence space v2qufl ; klmnðxÞ; ðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkup INh is not monotone
Proof. The proof follows from Proposition 3.14. h4. Generalized four dimensional inﬁnite matrix sequence spaces
Let A ¼ ðamnk‘ Þ be an four dimensional inﬁnite matrix of com-
plex numbers. Then, we have AðxÞ ¼ ðAxÞk‘ ¼P1
m¼1
P1
n¼1a
mn
k‘ xmn converges for each k; ‘. In this section we
introduce the following sequence spaces:
v2quAfl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
fumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn P g2 I
))
;
K2quAfl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
fumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn PKg2 I
))
:
If we take fmnðxÞ ¼ x, we get
v2quAl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
fumn½ðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn P g 2 I
))
;
½K2quAl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup 
I
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
fumn½ðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞqmn PKg2 I
))
:
If we take q ¼ ðqmnÞ ¼ 1
v2uAfl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ :
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞP 
n o
2 I
))
;
K2uAfl ;kðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
¼ x¼ðxmnÞ : 9K> 0;
(
ðr;sÞ 2NN :
(
1
urs
X
m2Jrs
X
n2Jrs
fumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkpÞPKg2 I
))
:
436 N. Subramanian et al.Theorem 4.1. For a Musielak-modulus function, f ¼ ðfmnÞ. Then
the sequence spaces v2quAfl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
and K2quAfl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
are linear spaces
over the set of complex numbers C.
Proof. It is routine veriﬁcation. Therefore the proof is omit-
ted. h
Theorem 4.2. For any Musielak-modulus function f ¼ ðfmnÞ and
a double analytic sequence q ¼ ðqmnÞ of strictly positive real
numbers, the space v2quAfl ; kðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
is a
topological linear space paranormed by
gðxÞ ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
(
dðxn1ÞÞkup ÞqmnÞ1=H 6 1
o
;
where H ¼ maxð1; supmnqmn < 1Þ.
Proof. Clearly gðxÞP 0 for x ¼ ðxmnÞ 2 v2quAfl ; kðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkV2p
iI
Nh
. Since fmnð0Þ ¼ 0, we get gð0Þ ¼ 0.
Conversely, suppose that gðxÞ ¼ 0, then
inf
1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
(
dðxn1ÞÞkup ÞqmnÞ1=H 6 1
o
:
Suppose that AmnlmnðxÞ–0 for each m; n 2 N. Then
kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup !1:
It follows that
1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkV2p Þ
qmn Þ1=H!1;
which is a contradiction. Therefore AmnlmnðxÞ ¼ 0. Let
1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; .. . ;dðxn1ÞÞkup Þqmn Þ1=H61
and
1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðyÞ;ðdðx1Þ;dðx2Þ;. . .;dðxn1ÞÞkup Þqmn Þ1=H61:
Then by using Minkowski’s inequality, we have
1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxþyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H
6 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H
þ 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H:
So we have
gðxþyÞ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðxþyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H 6 1
( )
6 inf 1
urs
X
m2Jrs
X
n2Jrs
ðumn ½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H 6 1
( )
þ inf 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðyÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þqmn Þ1=H 6 1
( )
:Therefore,
gðxþ yÞ 6 gðxÞ þ gðyÞ:
Finally, to prove that the scalar multiplication is continuous.
Let k be any complex number. By deﬁnition,
gðkxÞ ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
ðumn½fmnðkAmnlmnðkxÞ; ðdðx1Þ; dðx2Þ; . . . ;
(
dðxn1ÞÞkup ÞqmnÞ1=H 6 1
o
:
Then
gðk xÞ ¼ inf 1
urs
X
m2Jrs
X
n2Jrs
ððjkjtÞqmn=H : ðumn½fmnðkAmnlmnðxÞ;
(
dðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup ÞqmnÞ1=H 6 1
 o
;
where t ¼ 1jkj. Since jkjqmn 6 maxð1; jkjsuppmnÞ, we have
gðk xÞ6maxð1; jkjsuppmnÞinf 1
urs
X
m2Jrs
X
n2Jrs
tqmn=H :
(
ðumn½fmnðkAmnlmnðkxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup ÞqmnÞ1=H6 1
o
:
This completes the proof. h
Theorem 4.3. The b-dual space of
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
¼ K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. First, we observe that
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 C2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h i
:
Therefore
C2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
:
But
C2quAfl
h ib
–
K2qAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Hence
K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
:
ð4:1Þ
Next we show that
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
 K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Ideal convergent sequence spaces over p-metric spaces deﬁned by Musielak-modulus functions 437Let
y ¼ ðymnÞ
2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
:
Consider fðxÞ ¼P1m¼1P1n¼1xmnymn with
x ¼ ðxmnÞ
2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
x ¼ ½ðkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ
¼
0 0    0 0    0
0 0    0 0    0
:
:
:
0 0    urs
amn
k‘
DkmnðmþnÞ!
urs
amn
k‘
DkmnðmþnÞ!    0
0 0    0 0    0
0
BBBBBBBB@
1
CCCCCCCCA

0 0    0 0    0
0 0    0 0    0
:
:
:
0 0    urs
amn
k‘
DkmnðmþnÞ!
urs
amn
k‘
DkmnðmþnÞ!    0
0 0    0 0    0
0
BBBBBBBB@
1
CCCCCCCCA
;
umn½fmnðkAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup Þ
¼
0 0   0 0    0
0 0   0 0;    0
:
:
:
0 0   umnfmn ursamn
k‘
DkmnðmþnÞ!
 
umnfmn
urs
amn
k‘
DkmnðmþnÞ!
 
   0
0 0   umnfmn ursamn
k‘
DkmnðmþnÞ!
 
umnfmn
urs
amn
k‘
DkmnðmþnÞ!
 
   0
0 0   0 0;    0
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
:
Hence converges to zero.
Therefore
½ðkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ
2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Hence dðamnk‘ ðkmn  kmnþ1Þ  ðkmþ1n  kmþ1nþ1Þ; 0Þ ¼ 1. But
jymnj 6 kfkdðamnk‘ ðkmn  kmnþ1Þ ðkmþ1n  kmþ1nþ1Þ; 0Þ 6 kfk  1
< 1 for each m; n. Thus ðymnÞ is a double analytic sequence
and hence an p-metric Musielak modulus function of double
analytic sequence.
In other words y 2 K2quAfl ; klmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ;
h
dðxn1ÞÞkup INh . But y ¼ ðymnÞ is arbitrary in v
2qu
fl ; kAmnlmnðxÞ;
h
ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup IbNh . Therefore
v2quAfl ;kAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iIb
Nh
 K2quAfl ;kAmnlmnðxÞ;ðdðx1Þ;dðx2Þ; . . . ;dðxn1ÞÞkup
h iI
Nh
: ð4:2Þ
From (4.1) and (4.2) we getv2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iIb
Nh
¼ K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
h
Theorem 4.4. The dual space of v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ;
h
dðx2Þ; . . . ; dðxn1ÞÞkup INh is K
2quA
fl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ;
h
. . . ; dðxn1ÞÞkup INh . In other words
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
¼ K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Proof. We recall that
kmn ¼
0 0    0 0   
0 0    0 0   
:
:
:
0 0    urs
amn
k‘
DkmnðmþnÞ! 0   
0 0    0 0   
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
with urs
amn
k‘
DkmnðmþnÞ! in the ðm; nÞth position and zero’s elsewhere,
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
¼
0: : : 0
:
:
:
0 uf urs
amn
k‘
DkmnðmþnÞ!
 1=mþn
: 0
ðm; nÞth
0 : : 0
0
BBBBBBBBB@
1
CCCCCCCCCA
;
which is a p-metric of double gai sequence. Hence,
x 2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
fðxÞ ¼
X1
m;n¼1
xmnymn
with
x 2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
and
f 2 v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
;
where
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
is the dual space of
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
438 N. Subramanian et al.Take x ¼ ðxmnÞ 2 ½v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞ
kup INh .Then,
jymnj 6 kfkdðurs; 0Þ <1 8m; n: ð4:3Þ
Thus, ðymnÞ is a double analytic sequence and hence an p-met-
ric Musielak modulus function of double analytic sequence. In
other words,
y 2 K2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
Therefore
v2quAfl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
¼ K2qufl ; kAmnlmnðxÞ; ðdðx1Þ; dðx2Þ; . . . ; dðxn1ÞÞkup
h iI
Nh
:
This completes the proof. h5. Competing interests
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